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1. 1
$\rho$
$X$ . , $X$ $\varphi_{\alpha}$ : $U_{\alpha}arrow$
$V_{\alpha}\subset \mathbb{C}$ , , : $V_{\alpha}arrow \mathbb{R}_{+}$ ,






$\varphi$ \mbox{\boldmath $\alpha$}(p) , $\rho=\rho(z)|dz|$ . $\Omega$ $X$ , $r\in C^{2}(\Omega)$
$\partial r=r_{z}=\frac{\partial r}{\partial z}=\frac{1}{2}(\frac{\partial r}{\partial x}-i\frac{\partial r}{\partial v})$ , $z=x+iy$,
$X$ ( ) , $\partial rdz$ $(1, 0)$- ,
. , :
$\partial_{\rho}r=\frac{\partial r}{\rho}=\frac{r_{z}(z)dz}{\rho(z)|dz|}$ .
$(1, 0)$ $-(1/2,1/2)=(1/2, -1/2)$- , $\Omega$
. , $\partial_{\rho}$ , $\alpha$ : $U_{\alpha}arrow V_{\alpha}$







$\Omega$ , $\rho$ $X$ . $r\in C^{2}(\Omega)$
, 2 $2r$
, . , Kim-Minda [1]
:
$2 \frac{\partial 1\mathrm{o}\mathrm{g}\rho}{\partial z}\frac{\partial r}{\partial z}$
, $\Omega$ $(1,$ $-1)$- . ,
$\Omega$ , . ,
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$\rho 2$ 2 , $\circ\partial$, . ,
:
(2) $\partial_{\rho}^{2}r=\partial_{\rho}$ ( $\partial$Zr) $-\partial$I$\rho\log\rho$ . $\partial$Zr.
$\rho$ ’
$\partial_{\rho}^{2}$ . (cf. [1, \S 3.2], [2,
Lemma 1])
1. $X$ $\rho$ , $p:\mathrm{Y}arrow X$ $\mathrm{Y}$
$X$ . $\rho’$ $\rho$ $p$ 61 $p^{*}\rho$ ,
:
$\partial$I$\rho’(r\circ p)=\frac{p’}{|p’|}[(\partial_{\beta}r)\circ p]$ ,









2. $X,$ $\mathrm{Y}$ $\rho,$ $\sigma$ , $f$ : $Xarrow \mathrm{Y}$
. , $D_{1}f,$ $D_{2}f$ , $\mathrm{Y}$ $\Omega$
$r\in C^{2}$ (\Omega ) ,
, $(r \mathrm{o}f)=(\partial_{\sigma}r)\mathrm{o}f\cdot D_{1}f$ ,
$\partial_{\rho}^{2}(r\mathrm{o}f)=(\partial_{\sigma}^{2}r)\circ f\sim(D_{1}f)^{2}+(\partial_{\sigma}r)\circ f\cdot D_{2}f$
$f^{-1}$ (\Omega ) .
. ,
$\partial$Z(r $\circ f$ ) $=\rho^{-1}$ $(\partial r)\circ f\vee f’=\rho^{-1}$ . $(\sigma \mathrm{o}f)\cdot(\partial_{\sigma}r)\circ f\cdot f’$
,
(3) $D_{1}f= \frac{\sigma \mathrm{o}f}{\rho}f’$
188
, . 2
. $X,$ $\mathrm{Y}$ $z,$ $w$ ,
$\partial$2 $(r\circ f)$
$=\rho^{-2}$ [ $(r\mathrm{o}f)_{zz}-2(\log\rho$) $z$ (r $\mathrm{o}f)_{z}$ ]
$=\rho^{-2}$ [$r_{ww}\circ f|(f’)^{2}+r_{w}\mathrm{o}f\cdot f’’-2(\log\rho$ ) $z$ (r$w\mathrm{o}f)\cdot f’$]
$=(\sigma^{-2}r_{ww})\circ f\not\subset(D_{1}f)^{2}+\rho^{-2}(r_{w}\circ f)\cdot f’’-2\rho^{-2}(\log\rho)z$ (r$w\mathrm{o}f$ ) $f’$
$=(\partial_{\sigma}^{2}r)\mathrm{o}f\cdot(D_{1}f)^{2}$
$+2$ ($\sigma^{-2}$ ($\log\sigma$ ) $w$r$w$ ) $\mathrm{o}f\cdot(D_{1}f)^{2}+\rho^{-2}(r_{w}\circ f)\cdot f’’-2^{-2}\rho(\log\rho)z$(r$w\mathrm{o}f$) $\lrcorner f’$
$=(\partial_{\sigma}^{2}r)\circ f\cdot(D_{1}f)^{2}$
$+(\partial_{\sigma}r)\circ f$ ‘ $[2(\sigma^{-1}(\log\sigma)w)\mathrm{o}f\cdot(D_{1}f)^{2}+\rho^{-2}(\sigma of))f’’-2\rho-2(\log\rho)z(\sigma \mathrm{o}f)\cdot f’]$
,
$D_{2}f=2\partial_{\sigma}(\log\sigma)\mathrm{o}f\cdot(D_{1}f)^{2}+\rho^{-2}(\sigma\circ f)\cdot f’’-2^{-2}\rho(\log\rho)z(\sigma \mathrm{o}f)\cdot f’$
$= \frac{2\sigma_{w}\mathrm{o}f\cdot(f’)^{2}}{\rho^{2}}+\frac{\sigma \mathrm{o}f\cdot f’’}{\rho^{2}}-\frac{2(\log\rho)_{Z}\cdot\sigma\circ f\cdot f’}{\rho^{2}}$
, .
, $X,$ $\mathrm{Y}$ $\mathrm{D}=\{z\in \mathbb{C} : |z|<1\}$ , $\rho,$ $\sigma$
$\lambda_{\mathrm{D}}(z)|dz|=|dz|/(1-|z|^{2})$ \lambda D(z) $=\overline{z}/(1-|z|^{2})^{2}$
$D_{1}f= \frac{1-|z|^{2}}{1-|f|^{2}}f_{:}’$
$D_{2}f= \frac{2(1-|z|^{2})^{2}\overline{f}(f’)^{2}}{(1-|f|^{2})^{l}\prime}+\frac{(1-|z|^{2})^{2}f^{\prime/}}{1-|f|^{2}}-\frac{2\overline{z}(1-|z|^{2})f’}{1-|f|^{2}}$
. $D_{1}f$ (hyperbolic derivative) , $D_{2}$ Ma-Minda
[4] $D_{h2}$ .




. $D_{1}f$ (spherical derivative) ,




. $\varphi_{\alpha}$ : $U_{\alpha}arrow V_{\alpha}$ $X$ ,
$\psi_{\gamma}$ : $U_{\gamma}’arrow V_{\gamma}’$ $\mathrm{Y}$ , $f(U_{\alpha})\subset U_{\gamma}’$ . $f$
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, $f_{\gamma,\alpha}=\psi_{\gamma}\circ f\circ\varphi_{\alpha}^{-1}$ : $V_{\alpha}arrow V_{\gamma}’\subset \mathbb{C}$ ,
$D_{1}f,$ $D_{2}f$ $U_{\alpha}$
$(D_{1}f)_{\gamma,\alpha}= \frac{\sigma_{\gamma}\mathrm{o}f_{\gamma,\alpha}}{\rho_{\alpha}}\cdot f_{\gamma,\alpha}’$ ,
$(D_{2}f)_{\gamma,\alpha}= \frac{2(\partial\sigma_{\gamma})\mathrm{o}f_{\gamma,\alpha}\cdot(f_{\gamma,\alpha}’)^{2}}{\rho_{\alpha}^{2}}+\frac{\sigma_{\gamma}\mathrm{o}f\prime\cdot f_{\gamma,\alpha}’’\alpha\alpha}{\rho_{\alpha}^{2}}-\frac{2\partial(\log\rho_{\alpha})\cdot\sigma_{\gamma}\mathrm{o}f_{\gamma,\alpha}\lrcorner f_{\gamma,\alpha}’}{\rho_{\alpha}^{2}}$
. $\varphi_{\beta},$ $\psi$\mbox{\boldmath $\delta$} $X,$ $\mathrm{Y}$ , (1)
$\psi_{\delta}$ ,$\gamma^{\mathrm{o}f_{\gamma,\alpha}=f_{\delta},\rho\circ\varphi\rho}$, $\alpha$
, :
$(D_{1}f)_{\gamma,\alpha}=(D_{1}f)_{\delta,\beta}\circ\varphi_{\beta}$ , $\alpha$ . $\frac{|\psi_{\delta,\gamma}’|}{\psi_{\delta,\gamma}}$ . $\frac{\varphi_{\beta,\alpha}}{|\varphi_{\beta,\alpha}|}$ ,
$(D_{2}f)_{\gamma,\alpha}=(D_{2}f)_{\delta,\beta}\circ\varphi_{\beta}$ , $\alpha$ . $\frac{|\psi_{\delta,\gamma}’|}{\psi_{\delta,\gamma}}$ . $\frac{\varphi_{\beta,\alpha^{2}}}{|\varphi_{\beta,\alpha}|^{2}}$ .
, $X$ .
4.
$X,$ $\mathrm{Y}$ $\rho,$ $\sigma$ , $f$ : $Xarrow \mathrm{Y}$ ,
$D_{1}f,$ $D_{2}f$
$Q_{f}= \frac{D_{2}f}{D_{1}f}=2\partial_{\rho}10$g $(\sigma \mathrm{o}f)+\partial_{\rho}\log f’-2\partial_{\rho}\log\rho$
$\ovalbox{\tt\small REJECT}_{\mathrm{I}}\mathrm{J}$ . , $Q_{f}$ $\mathrm{Y}$
, $X$ (1/2, -1/2)- .
. , $|D_{1}$ fID2 $X$
. [1, (4)] .
3.
$\partial_{\rho}|D_{1}f|=\frac{1}{2}|D_{1}f|\cdot Q_{f}$ .
. $\log|D_{1}f|$ , , $D_{1}f$ (3)
$\frac{\partial_{\rho}|D_{1}f|}{|D_{1}f|}=\partial_{\rho}\log\frac{\sigma \mathrm{o}f\tau|f’|}{\rho}$





$S_{f}=( \frac{f’’}{f},$ $)’\dashv(\ovalbox{\tt\small REJECT}$
. Cayley
$S_{g\circ f}=(S_{g}\circ f)1(f’)^{2}+S_{f}$




$S_{M\mathrm{o}f\mathrm{o}L}=(S_{f}\circ L)\cdot$ (L’)2 & \mbox{\boldmath $\tau$} .
, $X$ , $h:\mathrm{D}arrow X$ ( ) ,
, $h$
Aut $\mathrm{D}$ ( ) .
$S_{h^{-1}}$ $X$ well-defined . $X$ , $\theta_{X}$





\lambda $=|dz|/(1-|z|^{2})$ , Aut $\mathrm{D}$
, $X$ $h$ : $\lambda_{X}(h(z))|h’(z)|=1/(1-|z|^{2})$ . $\lambda_{X}$
$X$ .
4. $X$ , $\lambda_{X}$ $X$ ,
$\partial^{2}\log\lambda X=$ ($\partial\log\lambda$X) $2+ \frac{1}{2}\theta_{X}$
.
. $\log(\lambda_{X}\circ h\cdot|h’|)=\log(\overline{z}/(1-z\overline{z})$ $z$
$( \partial\log\lambda_{X})\mathrm{o}h\cdot h’+\frac{h’’}{2h’}=\frac{\overline{z}}{1-|z|^{2}}$
.
( $\partial^{2}\log\lambda$X) $\mathrm{o}h\cdot(h’)^{2}+$ ( $\partial\log\lambda$X) $\mathrm{o}h\cdot.h"+\frac{1}{2}(_{-}\frac{h’’}{h’}$)’
$= \frac{\overline{z}^{2}}{(1-|z|^{2})^{2}}$






6. $X,$ $\mathrm{Y}$ ,
, $f$ : $Xarrow \mathrm{Y}$
$\lambda_{X}2$ $|D_{1}f|= \frac{1}{2}|D_{1}f|(Q_{f}^{2}+\lambda_{X}^{-2}(S_{f}+f^{*}\theta_{Y}-\theta_{X}))$
. $f^{*}\theta_{Y}$ $\xi|$ ( $\theta_{Y}$ of) { ( f’)2 .
. $\rho=\lambda_{X},$ $\sigma=\lambda_{Y}$ ,
. 3 (2)
$\partial_{\rho}^{2}|D_{1}f|=\frac{1}{2}\partial_{\rho}$ ( $|$D$1f|Q_{f}$ ) $- \partial_{\rho}\log\rho\cdot\frac{1}{2}|$D1f $|$Qf
(4) $= \frac{1}{2}|D_{1}f|(\partial_{\rho}Q_{f}+\frac{1}{2}Q_{f}^{2}-\partial_{\rho}\log\rho\cdot Q_{f})$
. $Q_{f}$
$\partial$ZQf $=2\partial_{\rho}[\rho^{-1}$ $( \frac{\partial\sigma}{\sigma})\mathrm{o}f\cdot f’]+\partial_{\rho}\rho^{-1}$ . $\frac{f’’}{f’}+\rho^{-2}(\frac{f’’}{f’})’-2\partial_{\rho}(\frac{\partial\rho}{\rho^{2}})$
$=- \frac{\partial\rho}{\rho^{3}}[2(\frac{\partial\sigma}{\sigma})\circ f\wedge f’+\frac{f’’}{f’}]+2\rho^{-2}[\frac{\partial^{2}\sigma}{\sigma}-(\frac{\partial\sigma}{\sigma})^{2}]\mathrm{o}f\cdot(f’)^{2}$
$+2-2$ $( \frac{\partial\sigma}{\sigma})\mathrm{o}f\cdot f’’+\rho^{-2}(\frac{f’’}{f’})’-2\frac{\partial^{2}\rho}{\rho^{3}}+4\frac{(\partial\rho)^{2}}{\rho^{4}}$
. ,
$\partial,Qf-\rho^{-2}Sf-\frac{1}{2}Q_{f}^{2}-$ ( $\partial_{\rho}1\mathrm{o}$g $\rho$) . $Q_{f}$
$= \rho^{-2}[\frac{\partial^{2}\sigma}{\sigma}-2(\frac{\partial\sigma}{\sigma})^{2}]\mathrm{o}f\cdot(f’)^{2}-\rho^{-2}[\frac{\partial^{2}\rho}{\rho}-2(\frac{\partial\rho}{\rho})^{2}]$
. $\rho,$ $\sigma$ .) , 5
$\partial_{\rho}Q_{f}=\rho^{-2}(S_{f}+f^{*}\theta_{Y}-\theta_{X})+\frac{1}{2}$Q$2f+(\partial_{\rho}\log\rho)$ . $Q_{f}$
. (4) $\text{ }\mathrm{t}\mathrm{r}\mathrm{p}\mathrm{i}$ .
5.
$\mathrm{Y}$ , $\Omega$ $\mathrm{Y}$ .
$\tau_{\Omega,Y}=\frac{\lambda_{Y}}{\lambda_{\Omega}}\leq 1$
, $\Omega=\mathrm{Y}$ .
[2] $\Omega$ $\mathrm{Y}$ . $\partial_{\lambda_{Y}}$
. , .
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7. $X,$ $\mathrm{Y}$ , $\Omega$ $\mathrm{Y}$ . $f$ : $Xarrow\Omega$
( ) , $\tau=\tau_{\Omega,Y}$ .





. $\lambda_{\Omega}\mathrm{o}f$ ‘ $|f’|=\lambda_{X}$ ,
$\tau \mathrm{o}f=\frac{\lambda_{Y}\circ f}{\lambda_{\Omega}\mathrm{o}f}=\frac{(\lambda_{Y}\mathrm{o}f)\cdot|f’|}{\lambda_{X}}=|D_{1}f|$
. 2
$\partial_{X}(\tau \mathrm{o}f)=$ $\tau \mathrm{o}f\cdot D_{1}f$
, 3 . 2
6
$( \partial_{Y}^{2}\tau)\mathrm{o}farrow(D_{1}f)^{2}+(\partial_{Y}\tau)\mathrm{o}f\cdot D_{2}f=\frac{1}{2}|$ D1 $f|(Q_{f}^{2}+\lambda_{X}^{-2}(S_{f}+f^{*}\theta_{Y}-\theta_{X}))$
, .
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